We give a shorter proof of the fact that the Jiang-Su algebra is strongly self-absorbing. This is achieved by introducing and studying so-called unitarily suspended endomorphisms of generalized dimension drop algebras. Along the way we prove uniqueness and existence results for maps between dimension drop algebras and UHF-algebras.
Introduction
In Elliott's classification program for nuclear C * -algebras, a particularly prominent role is played by strongly self-absorbing C * -algebras (see [Rør02] , [Win14] ). A separable and unital C * -algebra D ≇ C is called strongly self-absorbing if there exists a * -isomorphism D → D ⊗ D, which is approximately unitarily equivalent to the first factor embedding id D ⊗ 1 D ( [TW07] ). Strongly self-absorbing C * -algebras have approximately inner flip and hence are simple and nuclear ( [ER78] ). The list of known strongly self-absorbing C * -algebras is quite short and consists of the Cuntzalgebras O 2 , O ∞ , UHF-algebras of infinite type, tensor products of UHF-algebras of infinite type with O ∞ and the Jiang-Su algebra Z.
The Jiang-Su algebra Z has been introduced by Jiang and Su in their remarkable paper [JS99] . For reasons we explain below, it is today one of the most natural and important objects in the classification theory of C * -algebras. Inspired by the work of Connes on the uniqueness of the hyperfinite II 1 -factor R, Jiang and Su already observed that Z is strongly self-absorbing ([JS99, Proposition 8.3, Corollary 8.8]). Before we discuss their proof of this fact in more detail, let us briefly put Z into more context.
For the classification of C * -algebras, by what is today known as the Elliott invariant, Z-stability is of fundamental importance. The Elliott invariant of a unital C * -algebra A is given by the six-tupel (K 0 (A), K 0 (A) + , [1 A ] 0 , K 1 (A), T (A), r A ).
The map r A is a natural pairing between K-theory and the trace simplex T (A). Since Z has a unique trace and is KK-equivalent to the complex numbers C, in fact it has the same Elliott invariant as C, one might think of Z as an infinite dimensional version of the complex numbers. Under a natural restriction on the K-groups of a simple C * -algebra A, the Elliott invariant of A and A ⊗ Z are isomorphic. This suggests that classification is in general only possible up to Z-stability (cf. [ (ii) A is Z-stable (i.e. A ∼ = A ⊗ Z), (iii) A has strict comparison.
The implication (ii) ⇒ (iii) is proven in [Rør04, Corollary 4.6] , where the strong selfabsorption of Z is used in an essential way. Just recently, in [CET + 19] , the nuclear dimension of a C * -algebra like A has been computed to be zero or one in the Z-stable case and infinite otherwise. Together with a result by Winter ([Win12, Corollary 6.3]) this proves the equivalence between (ii) and (i). By previous results of many hands and decades of work, one of the most outstanding results in the classification of C * -algebras follows: unital, separable, simple, nuclear and Z-stable C * -algebras satisfying the UCT are classified by the Elliott invariant ([CET + 19, Corollary D]). In particular unital, separable, simple and nuclear C * -algebras satisfying the UCT are classified up to Z-stability. The UCT is Rosenberg and Schochet's universal coefficient theorem ( [RS87] ), which roughly says that the KK-theory can be computed in terms of K-theory. A C * -algebra satisfies the UCT precisely if it is KK-equivalent to a commutative C * -algebra.
Getting back to the strong self-absorption of Z, let us discuss the proof of Jiang and Su. In [JS99, Section 2] the algebra Z is constructed as an inductive limit of dimension drop algebras Z pn,qn with p n , q n coprime and tending to infinity, where Z p,q is the C * -algebra of continuous functions f : [0, 1] → M p ⊗ M q such that f (0) ∈ M p ⊗ 1 q and f (1) ∈ 1 p ⊗ M q . Fundamental to their proof that Z is strongly self-absorbing is a classification machinery for * -homomorphisms between dimension drop algebras ([JS99, Corollary 5.6, Theorem 6.2]). These results rely on a careful analysis of maps between K-homology induced by morphisms between dimension drop algebras.
Although the notion of a strongly self-absorbing C * -algebra was introduced first in [TW07], Jiang and Su already proved two abstract properties of Z, showing that Z is strongly self-absorbing:
(1) Z has approximately inner half flip, i.e. the first and the second factor embedding of Z into Z ⊗ Z are approximately unitarily equivalent, (2) there exists a * -homomorphism ϕ : Here the uniqueness result for maps between dimension drop algebras is used once more. The goal of this paper is to prove that the Jiang-Su algebra is strongly selfabsorbing in an as self-contained and elementary as possible way. To do so, we use a different picture of Z. Today, there are many descriptions and characterizations of Z, for example as universal C * -algebra ([JW14]) or as the initial object in the category of strongly self-absorbing C * -algebras ( [Win11] ). For us however, a construction of Z as an inductive limit of generalized dimension drop algebras will be most suitable. A generalized dimension drop algebra Z p,q is defined just as before, but now with M p and M q replaced by UHF-algebras M p respectively M q , associated to supernatural numbers p and q. More precisely, Rørdam and Winter show in [RW10, Theorem 3.4 ] that for all coprime supernatural numbers of infinite type p and q, there exists a trace collapsing 1 * -homomorphism µ : Z p,q → Z p,q and that the stationary inductive limit of Z p,q along µ is isomorphic to Z, i.e.
For classification, this picture of Z has already been proven to be very useful, most notably in [Win14] . Also the main theorem of [GLN14, Theorem 29.5] relies on this picture of Z. However, showing that the limit of Z p,q along µ is strongly self-absorbing still requires comparing it to the original construction of Jiang and Su.
Using the picture of Rørdam and Winter and ideas of Winter (cf. [Win14, Section 4, Definition 4.2]), we introduce so-called unitarily suspended * -endomorphisms of generalized dimension drop algebras (Definition 4.10). Built into the definition is a unitary path, which in some sense untwists the trace collapsing * -endomorphism. This allows to run an approximate intertwining that produces an isomorphism Z → Z ⊗ Z, which is approximately unitarily equivalent to the first factor embedding. Showing that such unitarily suspended * -endomorphisms exist and running the approximate intertwining then provides a new way to show that Z is strongly selfabsorbing (Theorem 5.8, 5.15). This also confirms that the difficulty of showing that Z is strongly self-absorbing lies between that for UHF-algebras of infinite type
Finally, I want to highlight that in Theorem 5.8 no classification theory beyond the classification of UHF-algebras is used. In particular, we do not rely on the classification of morphisms between dimension drop algebras or K-homological results. This is possible by proving existence and uniqueness results for the very specific class of maps between generalized prime dimension drop algebras and certain UHFalgebras.
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Preliminaries
In this section we recall some basic facts about c.p.c. order zero maps, generalized dimension drop algebras, strongly self-absorbing C * -algebras and ultrapowers. See [WZ09] , [RW10] and [TW07] for more.
2.1. Order zero maps. Let A and B be C * -algebras. We say that a linear and completely positive contractive (c.p.c.) map ϕ : A → B is order zero if ϕ(x)ϕ(y) = 0, whenever xy = 0. In this case, there exists a * -homomorphism π ϕ : A → B * * , called the supporting * -homomorphism, such that ϕ(·) = h ϕ π ϕ (·) = π ϕ (·)h ϕ , where h ϕ is a positive contraction in the double dual B * * . If A is unital, then h ϕ = ϕ(1 A ). Moreover, a c.p.c. order zero map ϕ : A → B corresponds bijectively to a * -homomorphism ϕ :
, for x ∈ A. By ι we denote the canonical generator of C 0 (0, 1]. Similarly, if φ : C 0 (0, 1] ⊗ A → B is a * -homomorphism, we denote by φ : A → B the associated c.p.c. order zero map, given by φ(a) = φ(ι ⊗ a).
2.2.
Generalized dimension drop algebras. For (possibly finite) supernatural numbers p and q we define
By M p and M q we denote the UHF-algebras associated to the respective supernatural numbers. We call Z p,q a generalized dimension drop algebra. Note that Z p,q is canonically generated by two commuting cones over M p respectively M q , which we will denote bỳ
Whenever ϕ : Z p,q → A is a * -homomorphism, we writè
The most basic examples of strongly self-absorbing C * -algebras are UHF-algebras of infinite type, i.e. those UHF-algebras M n , such that n 2 = n and n = 1. In this case the proof of strong self-absorption reduces to basic linear algebra.
Ultrapowers.
Let ω be a fixed free ultrafilter on N. We denote the uniform ultrapower of A by
The equivalence class of a sequence (x n ) ∞ n=1 ∈ ℓ ∞ (A) will be denoted by (x n ) ∞ n=1 ∈ A ω . By ι ω we denote the diagonal inclusion A ֒→ A ω . Often it will be convenient to identify A in this way with a subalgebra of A ω .
Uniqueness
The main goal of this section is to prove an asymptotic uniqueness result for standard * -homomorphisms from Z p,q into M p ⊗ M q (Theorem 3.12). This is done by first proving an approximate uniqueness result for these maps (Lemma 3.7) and a so-called Basic Homotopy Lemma (Lemma 3.11). The key ingredients to this section are a version of the Basic Homotopy Lemma for positive contractions ([BEEK98, Lemma 5.1]) and certain unitaries associated to order zero maps, which allow to twist non-central elements of the domain into an extra tensor factor of the codomain (see 3.6). (v) Approximate Murray-von Neumann equivalence ≈ : There exists a sequence
Definition. Let
These equivalence relations also make sense for c.p.c. order zero maps, as they are identified with * -homomorphisms on the corresponding cone (see 2.1). The same applies to positive contractions, which correspond to c.p.c. order zero maps on C. 
Furthermore, if ϕ, ψ : A → B ω are * -homomorphisms, a reindexing argument shows that
The next lemma is inspired by the classification of * -homomorphism from finite dimensional C * -algebras into certain unital C * -algebras (cf. [Rør02, Lemma 1.3.1]).
Lemma. Let
A be a unital C * -algebra, p ∈ N and assume that ϕ, ψ : M p → A are c.p.c. order zero maps, such that ϕ(e 11 ) ≈ ψ(e 11 ). Then ϕ ≈ ψ. If in addition A has stable rank one, i.e. the set of invertible elements is dense in A, then ϕ ≈ u ψ.
Proof. Assume ϕ(e 11 ) ≈ ψ(e 11 ). By a standard argument, there exists a contraction v ∈ A ω with vϕ(e 11 )v * = ψ(e 11 ), v * ψ(e 11 )v = ϕ(e 11 ).
Consider the elements e ϕ := (h 1 n ϕ ) ∞ n=1 and e ψ :
where h ϕ and h ψ are as in 2.1. The elements e ϕ and e ψ act as unit on the image of ϕ respectively ψ. Considering A ω ⊆ (A * * ) ω , we furthermore have that e ϕ π ϕ (x) and e ψ π ψ (x) are elements in A ω , for every x ∈ M p . One then defines
and computes that uϕ(e ij )u * = ψ(e ij ), u * ψ(e ij )u = ϕ(e ij ) (i, j = 1, 2, · · · , p).
This entails that ϕ ≈ ψ. The last statement follows from [Gab18, Proposition 3.13].
Definition. Let
By appealing to more sophisticated tools like the Cuntz semigroup, it follows for example from [TWW17, Lemma 2.1] that the next lemma holds for a more general codomain, including ultrapowers of UHF-algebras. However, the proof here uses [Sko16] , which provides a self-contained proof for the case of UHF-algebras.
3.5. Lemma. Let p be a supernatural number and let ϕ, ψ : M p → U be two c.p.c. order zero maps, where U is a UHF-algebra. Assume that h ϕ and h ψ are both Lebesgue contractions. Then ϕ ≈ u ψ.
Proof. By an easy approximation argument one may assume that ϕ, ψ : M p → U are two standard c.p.c. order zero maps, where p ∈ N. Note that the positive contractions {ϕ(e ii )} p i=1 are mutually orthogonal and equivalent positive elements, in the sense that there exist x i ∈ U with ϕ(e 11 ) = x * i x i and x i x * i = ϕ(e ii ). Denote by τ U the unique trace on U . Using that the ϕ(e ii ) are mutually equivalent, it is an easy exercise to show that τ U (f (ϕ(e 11 ))) = τ U (f (ϕ(e ii ))), for i = 1, 2, · · · , p and f ∈ C 0 (0, 1]. Using that h ϕ = ϕ(1 p ) is a Lebesgue contraction, it follows that
for all f ∈ C 0 (0, 1]. The same computation works for ψ and we see that both ϕ(e 11 ) and ψ(e 11 ) have 1 p Lebesgue spectral measure. In particular they have the same eigenvalue function, as defined in [Sko16, Definition 2.6]. Since U has real rank zero and strong comparison of projections 2 by the unique trace τ U , it follows by [Sko16, Theorem 5.1] that ϕ(e 11 ) ≈ u ψ(e 11 ) and in particular ϕ(e 11 ) ≈ ψ(e 11 ). Since U has stable rank one, Lemma 3.3 shows that ϕ ≈ u ψ.
3.6. Rotation trick. The following provides a method that allows to reduce many arguments about maps on Z p,q to maps on C([0, 1]). This ingredient is essential for the proofs of Lemma 3.7 and Lemma 3.11.
Let ϕ : Z p,q → U be a unital * -homomorphism, where U is some C * -algebra (in the following a UHF-algebra or an ultrapower of such). Let p and q be supernatural numbers of infinite type. By [DW09, Theorem 2.2], the flip map on M p ⊗ M p and M q ⊗ M q is strongly asymptotically inner, witnessed by say unitary paths
Meaning that two projections in U are equivalent if they have the same trace.
The pathẂ t , for example, is designed in such a way that it takes most of the time, namely on [1 − t, 1], the value S q (t), which implements the flip better and better. FurthermoreẂ t (0) = 1 q ⊗ 1 q , showing thatẂ t defines an element of the minimal
Since the pathsẂ t and W t depend continuously on the parameter t, we get unitary paths (Ù ϕ t ) t∈[0,1) and
2 for the definition ofφ andφ. From (3.2), it follows that we may twist the non-central part of each cone separately into an extra tensor factor (as done in Lemma 3.7):
(3.4)
If we use U ⊗ M p ⊗ M q as codomain, as in Lemma 3.11, we instead define
(p,q) and ı [2] (p,q) denote the obvious embeddings of M p resp. M q into the first resp. second tensor factor of M p ⊗ M q (see Notation 5.1). In that case
Then, the obvious adjustment of (3.4) holds:
where 1 pq := 1 p ⊗ 1 q . Most importantly, in this situation we may twist the noncentral part of both cones simultaneously into commuting subalgebras of 
Thenγ 0 =γ 1 and one easily checks that
For t ≥ t 0 , we then get
The following lemma is a slight reformulation of [BEEK98, Lemma 5.1], which is therein referred to as Isospectral Homotopy Lemma in Case of a Large Spectral Gap. In modern work this type of lemma is often called a Basic Homotopy Lemma and due to its importance to the classification of C * -algebras great effort has been made to generalize the theory of such (cf. [Lin17] ). For our purpose however, this elementary result is sufficient.
Let us first recall some notation from [BEEK98] . For N ∈ N and a positive contraction h in a C * -algebra A, we denote
, 1] and χ I k (h) is the associated spectral projection. Note that h − h(N ) ≤ 1 N . 3.8. Lemma. Given γ > 0 and N ∈ N with γ < 1 16(N +1) , there exists δ > 0 such that the following holds: Whenever h is a positive contraction with finite spectrum in a unital K 1 -simple real rank zero C * -algebra 3 A and u ∈ A is a unitary such that
3.9. Corollary. For every ε > 0, there exists δ > 0 such that the following holds: Whenever h is a positive contraction in a UHF-algebra U and u ∈ U is a unitary such that uhu * − h < δ, then there exists a unitary path
Proof. Let 0 < ε < 1. Choose N ∈ N such that 6 N ≤ ε 30 and let γ := ε 30·64(N +1) . Then, there exists 0 < δ < ε 60 , such that the conclusion of Lemma 3.8 holds for γ and N . Note that UHF-algebras are K 1 -simple real rank zero C * -algebras. We show that δ 3 does the job. To this end let h be a positive contraction and let u be a unitary in some UHF-algebra U with
Since U has real rank zero, we can find a positive contraction k with finite spectrum such that h − k < δ 3 . Then uku * − k < δ.
In particular, k is a positive contraction with finite spectrum to which Lemma 3.8 applies, i.e. there exists a unitary path (z t ) t∈[0,1] such that z 0 = 1 U , z 1 k(N )z * 1 = uk(N )u * and
Using that z 1 k(N )z * 1 = uk(N )u * , it follows that w actually commutes with k(N ) and since k(N ) has finite spectrum, we can connect w to 1 U via a unitary path (w t ) t∈[0,1] such that w t commutes with k(N ) for every t ∈ [0, 1]. Then,
The desired path (u t ) t∈[0,1] is now given by
As an easy consequence we get the following: 3.10. Lemma. For every ε > 0 and F ⊆ C([0, 1]) finite, there exists δ > 0 such that the following holds: Whenever ϕ : C([0, 1]) → U is a unital * -homomorphism, where U is a UHF-algebra, and u ∈ U is a unitary such that
By ι we denote the canonical generator of C 0 (0, 1].
The following is a Basic Homotopy Lemma for maps Z p,q → M p ⊗ M q .
3.11. Lemma. For every ε > 0 and F ⊆ Z p,q finite, where p and q are supernatural numbers of infinite type, there exists δ > 0 and G ⊆ Z p,q finite such that the following holds: Whenever ϕ : Z p,q → U is a unital * -homomorphism, where U is a UHF-algebra of infinite type that absorbs M p and M q tensorially, and u ∈ U is a unitary such that
then, there exists a unitary path
Proof. Let ε > 0 and F ⊆ Z p,q be finite. We may assume that
The two cones are identified as subalgebras of Z p,q as explained in 2.2. With (3.2), we choose t 0 ∈ [0, 1) such that
The unitariesẂ t0 andẀ t0 are defined in (3.1). As observed in (3.1) the scalar part ofẂ t0 andẀ t0 is 1, so that we may approximatè
Furthermore, we clearly may assume that the elements a i , b i , c i , d i are normalized. We then define
where ι is the canonical generator of C 0 (0, 1]. Let 0 < δ < ε 100K be as in Lemma 3.10, with ε replaced by ε 100 and F replaced by {f k } N k=1 ∪ {g k } N k=1 . Let us check that this choice of G and δ works.
To this end assume that ϕ : Z p,q → U is a unital * -homomorphism, where U ∼ = U ⊗ M p ⊗ M q , and u ∈ U is a unitary such that (3.12) uϕ(g)u * − ϕ(g) < δ (g ∈ G).
Since ι ∈ G, it follows from the choice of δ, that there exists a unitary path (u t ) t∈[0,1] in U , such that u 0 = 1 U , u 1 = u and
Let us define a unitary path
withÙ ϕ t0 andÚ ϕ t0 as in (3.5). We show that Z t commutes sufficiently well with ϕ(F ). Let us check this forF . The computation forF is analogous. For t ∈ [0, 1] and k = 1, 2, · · · , N we get:
It follows that
Next, we show that Z 1 is close to u ⊗ 1 pq . To this end, observe that
(3.15) Let us prove that (3.15) holds forÙ ϕ t0 . The computation forÚ ϕ t0 is similar. Since the image of the scalar part is central it suffices to show that (recall the definition ofÙ ϕ t0 from (3.5)):
(p,q) ) + (Ẁ t0 − 1) · (u ⊗ 1 pq ). The following calculation shows that this is indeed true:
(p,q) ) + (Ẁ t0 − 1) · (u ⊗ 1 pq ).
Since Kδ < ε 100 , the claim follows. We are now ready to construct the desired unitary path in U . By [TW07, Remark 2.7], there exists a unital * -homomorphism θ :
Let (W t ) t∈[0,1] be given by W t := θ(Z t ). Then,
By a standard functional calculus argument, we may extend (W t ) t∈[0,1] to a unitary path
This finishes the proof.
3.12. Theorem. Let p and q be supernatural numbers of infinite type. Assume that ϕ, ψ : Z p,q → U are standard * -homomorphisms, where U is a UHF-algebra of infinite type that absorbs M p and M q tensorially. Then ϕ ∼ asu ψ.
Proof. By Lemma 3.7 we know that ϕ ≈ u ψ. Furthermore we have established a Basic Homotopy Lemma (Lemma 3.11) for ϕ and ψ. By a standard argument, these two ingredients combined show that ϕ ∼ asu ψ. The proof is exactly the same as in [DW09, Theorem 2.2]. See also the proof of Theorem 3.13 for a similar argument.
3.13. Theorem. Let p and q be supernatural numbers of infinite type. Assume that ϕ, ψ : Z p,q → Z p,q are standard * -homomorphisms. Then ϕ ≈ u ψ.
Proof. Let F ⊆ Z p,q be finite and ε > 0. Let G ⊆ Z p,q be finite and 0 < δ < ε, such that the conclusion of Lemma 3.11 holds for F and ε replaced by ε 10 . Let N ∈ N such that
Since ϕ s , ψ s : Z p,q → M p ⊗ M q are standard for each s ∈ [0, 1], we know from Lemma 3.7 that ϕ i N ≈ u ψ i N (i = 0, 1, 2, · · · , N − 1, N ).
It follows that there exist unitaries u 0 , u 1 , · · · , u N −1 , u N ∈ M p ⊗ M q , such that
.
We may assume that u 0 ∈ M p ⊗ 1 q and u N ∈ 1 p ⊗ M q . Now, observe that for i = 0, 1, 2, · · · , N − 1, we have
By the choice of G and δ, it follows that there exist unitary paths (u i,t ) t∈[0,1] for i = 0, 1, · · · , N − 1, with u i,0 = 1 pq , u i,1 = u * i+1 u i and such that:
This defines a unitary u in Z p,q by
For f ∈ F and t ∈ [i/N, (i + 1)/N ], we get
As this holds on every interval [i/N, (i + 1)/N ], it follows that
This proves that ϕ ≈ u ψ.
Existence
In this section we show how to construct standard * -homomorphisms from generalized dimension drop algebras into certain UHF-algebras. Furthermore, using our asymptotic uniqueness result (Theorem 3.12), we prove the existence of so-called unitarily suspended * -homomorphisms between generalized dimension drop algebras (Theorem 4.11). They will be the key ingredient in proving the main theorem of this paper (Theorem 5.8).
4.1. Convention. Let x ∈ M n and y ∈ M m , where n, m ∈ N. Whenever we identify M n ⊗ M m with M nm , we do this via 
Proof. Using the Binomial Theorem, one easily checks that the the conclusion of the lemma holds for polynomials. By an approximation argument, the statement follows.
Remark. ([Win09, 1.2.3])
Let p ≥ 2 be a natural number. For i, j = 2, · · · , p we consider the relations
In particular, if x 2 , x 3 , · · · , x p are elements in some C * -algebra A satisfying (R p ), then the assignment ϕ(e i1 ) = x * i x i (i = 2, 3, · · · , p) defines a c.p.c. order zero map ϕ : M p → A. Indeed, the elements {ι
satisfy the relations (R p ) and hence ϕ : C 0 (0, 1] ⊗ M p → A : ι 1 2 ⊗ e i1 → x i defines a * -homomorphism. Note that ϕ(e 11 ) = ϕ(e * i1 e i1 ) = x * i x i = x * 2 x 2 (i = 2, 3, · · · , p).
Furthermore, for i, j = 2, 3, · · · , p we get ϕ(e ij ) = ϕ(e i1 e * j1 ) = x i x * j . 4.4. Lemma. Let p, q ≥ 2 be natural numbers. Then M q ∞ contains elements x 2 , x 3 , · · · , x p satisfying (R p ) such that x * 2 x 2 has 1 p Lebesgue spectral measure. Proof. Let us recursively define two sequences of non-negative integers (α i ) ∞ i=1 and (β i ) ∞ i=0 . Set β 0 := 1 and define α i and β i for i ≥ 1 by (4.1)
where β i ∈ {0, 1, 2, · · · , p − 1}. A short computation using (4.1) shows that the coefficients (α i ) ∞ i=1 are chosen such that
For further reference, we denote the partial sums by S N . We define recursively another sequence (δ i ) ∞ i=0 by δ 0 = 0 and for i ≥ 1 we let (4.3) δ i := q(δ i−1 + pα i ).
Using (4.3) one easily checks that
(4.4)
In particular (4.4) implies that (4.5)
All this is made in such a way that we can subdivide the matrix algebra M q i in three orthogonal parts, as indicated in Figure 1 
For i ∈ N and r ∈ {1, 2, · · · , α i } we set
By Lemma 4.2, we know
where Tr αi denotes the sum over the diagonal in M αi (M q ∞ ). Next, puth i into the upper left corner of M p (M αi (M q ∞ )), which we denote by e (p) 11 ⊗h i and seth
The elementh i is as depicted in Figure 1 . Note that by (4.5), the elementsh i live in M q i (M q ∞ ). Next, we consider the elementsh i in
By construction, theh i are mutually orthogonal positive contractions which are summable in M q ∞ ⊗ M q ∞ . We therefore may definē
We can now check thath has 1 p Lebesgue spectral measure. Denote T N := N i=1h i . For f ∈ C 0 (0, 1] and N ∈ N we get:
By (4.2) the result follows, if we let N tend to infinity. In order to finish the proof, instead ofh i , we look, for j = 2, 3, · · · , p, at the elementsx
The elements {x j } p j=2 then satisfy (R p ) and x * 2 x 2 =h, which has 1 p Lebesgue spectral measure.
The reader is invited to run this construction for p = 2 and q = 3, in which case α i = β i = 1, for all i ∈ N. Proof. This is now an immediate consequence of Lemma 4.4 and the universal property of the cone C 0 (0, 1] ⊗ M p , as described in Remark 4.3. 4.6. Lemma. Let p, q ≥ 2 be natural numbers. Then, for r ∈ {p, q}, there exist c.p.c. order zero maps α : M p → M r ∞ and β : M q → M r ∞ such that
and such that h α , h β are Lebesgue contractions.
Proof. Let us do the case r = q. By Lemma 4.5, there exists a c.p.c. order zero map φ : M p → M q ∞ such that h φ is a Lebesgue contraction. We then define c.p.c. order zero maps
Since h φ commutes with the image of φ, we see that the images of α and β commute. Furthermore, by definition α(1 p ) + β(1 q ) = 1 and it is clear that h α and h β are Lebesgue contractions. 4.7. Corollary. Let p, q ≥ 2 be coprime natural numbers. Then, for r ∈ {p, q}, there exists a standard * -homomorphism
Proof. Let r ∈ {p, q} and let α : M p → M r ∞ and β : M q → M r ∞ be as in Lemma 4.6. By [RW10, Proposition 2.5] these maps induce a * -homomorphism ϕ : Z p,q → M r ∞ , such thatφ = (α) ′ andφ = β, where (·) ′ means that we have reversed the orientation of the unit interval. Since ϕ is completely determined byφ andφ, it follows that ϕ is standard.
4.8. Convention. Let p and q be supernatural numbers. We then write Z p,q as an inductive limit as follows: Fix sequences (P n ) ∞ n=1 , (Q n ) ∞ n=1 converging to p respectively q such that P n divides P n+1 and Q n divides Q n+1 . This defines unital inclusions M Pn ⊆ M Pn+1 , M Qn ⊆ M Qn+1 and γ n,n+1 : Z Pn,Qn → Z Pn+1,Qn+1 such that Z p,q = lim − → (Z Pn,Qn , γ n,n+1 ). Let us denote the limit maps by γ n : Z Pn,Qn → Z p,q . Furthermore, we denote by κ n : Z p,q → Z Pn,Qn the induced conditional expectations. 4.9. Lemma. Le p and q be coprime supernatural numbers. Then, for r ∈ {p, q}, there exists a standard * -homomorphism
Proof. Let (F n ) ∞ n=1 be an increasing sequence of finite subsets of Z p,q with dense union, such that F n ⊆ Z Pn,Qn and γ n,n+1 (F n ) ⊆ F n+1 . Furthermore, let ε n > 0 with ε n < ∞. By Corollary 4.7, for each n ∈ N, there exists a standard *homomorphism ϕ n : Z Pn,Qn → M r . Note that ϕ n+1 • γ n,n+1 is also standard. Hence, by Lemma 3.7, there exists a unitary u n+1 ∈ M r such that
Defineφ 1 := ϕ 1 and for n ≥ 2 we let ϕ n : Z Pn,Qn → M r : x → u 2 u 3 · · · u n ϕ n (x)u * n · · · u * 3 u * 2 . One then checks that for each x ∈ Z Pn,Qn the sequence (φ k (γ n,k (x))) ∞ k=n is Cauchy and we may define ϕ(x) := lim k→∞φ k (γ n,k (x)) (x ∈ Z Pn,Qn ).
This extends to a * -homomorphism ϕ : Z p,q → M r , which is easily seen to be standard. 4.10. Definition. Let p and q be supernatural numbers of infinite type. We say that a * -homomorphism µ : Z p,q → Z p,q is unitarily suspended, if
where α 0 : Z p,q → M p and α 1 : Z p,q → M q are unital * -homomorphisms and (u t ) t∈[0,1) is a unitary path in M p ⊗ M q starting at the identity.
4.11. Theorem. Let p and q be coprime supernatural numbers of infinite type. Then, there exists a unitarily suspended standard * -homomorphism µ : Z p,q → Z p,q .
Proof. By Lemma 4.9, there exist standard * -homomorphisms α 0 : Z p,q → M p and α 1 : Z p,q → M q . By Theorem 3.12, we have α 0 ⊗ 1 q ∼ asu 1 p ⊗ α 1 , witnessed by a unitary path (u t ) t∈[0,1) starting at the identity. Define a * -homomorphism µ : Z p,q → Z p,q by µ t := ad(u t ) • (α 0 ⊗ 1 p ) for t ∈ [0, 1) and µ 1 := 1 p ⊗ α 1 . Then µ is standard and unitarily suspended in the sense of Definition 4.10.
Strongly self-absorbing models
In this section we show that the stationary inductive limit associated to a unitarily suspended * -homomorphism is strongly self-absorbing (Theorem 5.8). We end with some general observations, for example that these limits are all isomorphic and define the initial object in the category of strongly self-absorbing C * -algebras. 5.1. Notation. Let n ∈ N and p 1 , p 2 , · · · , p n be supernatural numbers. Let us define M (p1,··· ,pn) := M p1 ⊗ M p2 ⊗ · · · ⊗ M pn . If i 1 , i 2 , · · · , i k are k distinct integers, not necessarily in increasing order, with i k ∈ {1, 2, · · · , n}, then there is an obvious inclusion (p1,··· ,pn) . If the n-tupel (p 1 , · · · , p n ) in question is clear, we will omit the subscripts and simply write ı [i1,··· ,i k ] and M [i1,··· ,i k ] . (p,p) in our notation. 5.3. Definition. Let p 1 , · · · , p n and q 1 , · · · , q m be supernatural numbers. Let r := (p 1 , p 2 , · · · , p n ) and s := (q 1 , q 2 , · · · , q m ). We then define
Example. The map ı
Z r,s = f ∈ C([0, 1], M r ⊗ M s ) : f (0) ∈ M r ⊗ 1 s , f (1) ∈ 1 r ⊗ M s .
Convention.
Let p and q be supernatural numbers. To simplify notation a bit, let us define p 2 := (p, p), q 2 := (q, q) and r := (p 2 , q 2 , p 2 , q 2 ). We then identify Z p 2 ,q 2 ⊗ Z p 2 ,q 2 with a C * -subalgebra of C([0, 1] 2 , M r ), where f ⊗ g ∈ Z p 2 ,q 2 ⊗ Z p 2 ,q 2 gets identified with the function (f ⊗g)(s, t) := f (s)⊗g(t). Under this identification, one can check that an element h ∈ Z p 2 ,q 2 ⊗ Z p 2 ,q 2 must satisfy:
• h(0, 0) ∈ M 
Furthermore, we define the following * -homomorphism:
Note that µ 5.6. Proposition. Let p and q be coprime supernatural numbers of infinite type and assume µ : Z p,q → Z p,q is unitarily suspended. Then
That is, we can make the following diagram commute arbitrary well up to conjugating by a unitary.
(5.1)
Proof. (I) Let us first do some setup. Recall from Definition 4.10 that µ : Z p,q → Z p,q is given by 
where r = (p 2 , q 2 , p 2 , q 2 ) is as in Convention 5.4. Finally, we will need to write Z p,q as an inductive limit lim − → (Z Pn,Qn , γ n,n+1 ), as explained in Convention 4.8. (II) Let us fix a normalized and finite set F ⊆ Z p,q and let ε > 0. The goal is to find a unitary W ∈ Z p 2 ,q 2 ⊗ Z p 2 ,q 2 making the diagram (5.1) commute up to ε on F ⊗ F := {f ⊗ g : f, g ∈ F }. For convenience we may assume that the unitary path (v t ) t∈[0,1) is constant in a small open neighborhood of zero, i.e. we may assume there exists 0 < η < 1 such that v t = 1 pq , for t ∈ [0, η]. Let us fix some 0 < δ < η, such that
and let n ∈ N such that
where κ n is the conditional expectation as defined in Convention 4.8. By possibly enlarging n we can ensure the existence 4 of a unitary path (v t ) t∈[0,1] such that (5.6)
Let us denote p := P n , q := Q n and r := (p, p, q, q, p, p, q, q). We then identify M r ⊆ M r as unital subalgebra, via our fixed inclusions 5 . Next, let (v min(t,1−δ) ),
By (5.6) we see that u t −ū t ≤ ε 10 , for all t ∈ [0, 1]. We are now ready to define a first approximation to the desired unitary W : Note that U does not yet define an element of Z p 2 ,q 2 ⊗ Z p 2 ,q 2 . However, let us show that the unitary U makes diagram (5.1) commute approximately, i.e.
(5.10)
First, observe the following identities: 
one proceeds similarly and uses in particular (5.4). This proves the claim (5.10).
(III) The next step is to perturb U on the boundary. Since S p and S q are connected to the identity in M p ⊗M p respectively M q ⊗M q we can find a unitary path (ν t ) t∈[0,1] inside M r such that the following holds:
(5.12)
Observe that (f) [ S, ν t ] = 0, for every t ∈ [0, 1], (g) [ν s , ı we see that Sν t S * = S q ν t S * q . Note that S q commutes with ν t for t ∈ [0, δ], since the C * -algebra generated by S q is commutative. For t ∈ [δ, 1 − δ] nothing is to check and for t ∈ [1 − δ, 1] we argue similarly as before. Let us check (g) for (i, j) = (2, 4) and s ∈ [0, δ]: ν s ı (µ 0 (f )).
The last equality follows from the fact that µ 0 (f ) = α 0 (f ) ⊗ 1 q ∈ M p ⊗ 1 q so that ı Without reference, we will use that U s,t = S ((s, t) ∈ [0, δ] 2 ∪ [1 − δ, 1] 2 ).
We note that (i) follows easily from (f). In order to show (ii), we have to verify that W satisfies all boundary conditions, as explained in Convention 5.4. The
Note that the b i are mutually equivalent orthogonal positive elements. By the relations on the c j and s it is easy to see that (a) 1 = b 1 + b 2 + · · · b n + (c * nd+1 c nd+1 + · · · + c * nd+r c nd+r ) + s * s, Here [a] denotes the class of an element a in W (Z 2 k ,2 k +1 ), the Cuntz semigroup of Z 2 k ,2 k +1 . Now we have [1 − (b 1 + · · · + b n )] The last line follows since r + 1 < d. Here ≪ denotes the way-below relation, see for example [Naw13, Section 3]. Hence, there exists ε > 0 such that
By [RW10, Proposition 5.1 (ii)], it follows that Z n,n+1 embeds unitally into Z 2 k ,2 k +1 . 5.11. Proposition. Let p, q ∈ N be coprime. Then Z p,q maps unitally into any strongly self-absorbing C * -algebra.
Proof. Let p, q ∈ N be coprime. We can find k, l ∈ N such that lq − kp = 1 and 2l > p, 2k > q. With n := kp, there exists by [JS99, Proposition 2.5] a unital * -homomorphism Z p,q → Z kp,lq = Z n,n+1 and by Lemma 5.10, Z n,n+1 embeds unitally into Z 2 k ,2 k +1 , for some large enough k. Finally, by [Win11, Theorem 3.1], Z 2 k ,2 k +1 maps unitally into any strongly self-absorbing C * -algebra. 5.12. Lemma. Let A be a strongly self-absorbing C * -algebra that is locally approximated by prime dimension drop algebras. Then A embeds unitally into any strongly self-absorbing C * -algebra.
Proof. Let D be a strongly self-absorbing C * -algebra. Since A is locally approximated by prime dimension drop algebras Z p,q with p, q ∈ N, it follows by [Lor93, Theorem 3.8] that A is an inductive limit of such dimension drop algebras. By Proposition 5.11, each of these embed unitally into D and hence into the central sequence algebra D ω ∩ D ′ , see [TW07, Theorem 2.2]. By [TW08, Proposition 2.2] 7 we see that D ∼ = A ⊗ D and hence A embeds unitally into D.
For the next theorem we first recall Kirchberg's definition of a central sequence algebra (cf. [Kir06, Definition 1.1]). 5.13. Definition. Let A be a C * -algebra. We then define 
5.14.
Remark. If A is σ-unital and (h n ) ∞ n=1 is an approximate unit for A, then F (A) is unital with unit [(h n ) ∞ n=1 ] + Ann(A, A ω ).
